Abstract Let G be an undirected graph and P = fX 1 ; : : : ; X n g be a partition of V (G). Denote by G=P the graph which has vertex set fX 1 ; : : : ; X n g, edge set E, and is obtained from G by identifying vertices in each class X i of the partition P. Given a conservative graph (G; w), we study vertex set partitions preserving conservativeness, i. e. those for which (G=P; w) is also a conservative graph. We characterize the conservative graphs (G=P; w) where P is a terminal partition of V (G) (a partition preserving conservativeness which is not a re nement of any other partition of this kind). We prove that many conservative graphs admit terminal partitions with some additional properties. The obtained results are then used in new uni ed short proofs for a co-NP characterization of Seymour graphs 1], a theorem of Korach and Penn 5], a theorem of Korach 4], and a theorem of Kostochka 6]. 
Introduction
Let (G; w) be a graph with a 1 edge weighting. Choosing any two vertices x and y in V (G) and identifying them, we get a new graph G=fx; yg. Clearly, if w is a conservative weighting of G=fx; yg then it is that of G. On the other hand, if (G; w) is a conservative graph then (G=fx; yg; w) is not necessarily conservative. In this paper we study those identi cations for which (G=fx; yg; w) remains conservative (identi cations preserving conservativeness). Starting from an arbitrary conservative graph (G; w), a sequence of successive identi cations preserving conservativeness results in a new conservative graph (G=P; w) which is de ned uniquely by a partition P of V (G) (a partition preserving conservativeness). The paper is organized as follows. Section 2 contains basic de nitions and notation. Section 3 contains the main results of the paper. We characterize the conservative graphs (G=P; w) where P is a terminal partition of V (G) (a partition preserving conservativeness which is not a re nement of any other partition of this kind). We show that many conservative graphs admit terminal partitions with some additional properties. The obtained results are then used in new uni ed short proofs for a co-NP characterization of Seymour graphs 1] (Section 4), a theorem of Korach and Penn 5] , a theorem of Korach 4 ] (Section 5), and a theorem of Kostochka 6] (Section 6). In Section 7 to make the paper self-contained we present an alternative direct proof of the basic Lemma 1.
Basic de nitions and notation
Let G be an undirected graph.
A set of edges J E(G) is called a join if for any circuit C, jE(C) \ Jj jE(C) n Jj. Let w be a 1 valued weighting de ned on edges of G. Denote by E ? (w) the set of edges with weight ?1. We will also refer to the edges with weight ?1 as negative edges. For a set of edges F E(G), we denote by w F the 1 valued weighting with E ? (w) = F.
A 1 edge weighting w is called conservative if E ? (w) is a join or, equivalently, if G has no circuit of negative total weight (a loop is treated as a circuit). For any two vertices x and y of G, let w (x; y) denote the length of a w-shortest path between x and y (from the de nition of conservative weighting it follows that such a path does exist). We will also speak of w-distance between x and y.
A conservative graph (G; w) is a pair consisting of a graph G and a conservative weighting w. Conservative graphs considered in this paper are assumed to be connected.
Let G be a graph and T be vertex subset of G of even cardinality. A set F of edges of G is called a T-join if T coincides with the set of vertices having odd degree in the subgraph spanned by F. There exists a one-to-one correspondence between minimum T-joins (T -joins of the smallest cardinality), joins and conservative weightings. More precisely, by Guan's lemma 9], F E(G) is a T-join of minimum cardinality if and only if the weighting w F is conservative (or, equivalently, if F is a join).
In this paper we deal with partitions of vertex sets of graphs. Let G be a graph.
Let P and Q be partitions of V (G). We say that P is a re nement of Q and write P Q if for any Y 2 Q, Y is the union of some X 2 P. The partition consisting of the singletons is called trivial (otherwise non-trivial ). We denote by G=P the graph whose vertices are the classes of P, edge set is E, and that is obtained from G by identifying vertices in each class of P. For any set X V (G), hXi denotes the partition that consists of X and the singletons. We will write G=X instead of G=hXi.
It is an easy observation that if w is a conservative weighting of G=P for some partition P, and Q is a re nement of P, then w is a conservative weighting of G=Q. This motivates the following de nitions. Let (G; w) be a conservative graph. We say that a partition P of V (G) preserves conservativeness if w is a conservative weighting of G=P. We denote by (G; w) the set of all partitions preserving conservativeness. We call a partition P 2 (G; w) terminal if it is not a re nement of any other partition in (G; w). Note that a partition P 2 (G; w) is terminal if and only if the w-distance between any two vertices in G=P is negative. We denote by (G; w) the set of all terminal partitions of (G; w).
Partitions preserving conservativeness
We call a conservative graph (G; w) prime if (1) each block of G is bicritical; (2) E ? (w) forms a perfect matching in each block of G. Theorem 1 Let (G; w) be a conservative graph and P 2 (G; w). Then P is terminal if and only if (G=P; w) is prime.
The following lemma is crucial in our proof of the theorem.
Lemma 1 Let (G; w) be a 2-connected conservative graph. Let x 2 V (G) be incident with at least two negative edges. Then there exists another vertex z such that w (x; z) 0.
Because of its importance we present two | direct and indirect| proofs of this lemma. The direct proof is contained in Section 7. Here we give a very short indirect proof which relies on the following very special case of a fundamental theorem due to Seb} o (see Theorem 4.4 in 9]). Lemma 2 (Seb} o) Let (G, w) be a conservative graph and x 0 2 V (G). Let X be the vertex set of a component of the subgraph of G induced by the set fx 2 V (G) : w (x 0 ; x) ?1g. Then among the edges entering X at most one is negative. 2 Proof of Lemma 1. Assume to the contrary that for any vertex t distinct from x, w (x; t) ?1. Since G ? x is connected, by Lemma 2, V (G) n fxg can be entered by at most one negative edge while by the assumptions of the lemma it is entered by the two adjacent negative edges; a contradiction. 2 Furthermore, we need the following observations. Lemma 3 Let (G; w) be a 2-connected conservative graph. Let v be a vertex of G incident with at least two negative edges. Then G has a cut set X V (G) 
Let P be a terminal partition of a rigid conservative graph (G; w). By Lemma 4 (b), for any X 2 P, jX \ T(w)j = 1. It follows that G=P has a spanning subgraph isomorphic to the subgraph of G induced by T(w). Thus, we arrive at Remark 1. If a conservative graph (G; w) is rigid, then G=P is 2-connected for each P 2 (G; w).
Non-rigid conservative graphs admit terminal partitions with special properties which turn out to be useful in many applications.
Let (G; w) be a conservative graph. We say that a partition P 2 (G; w) is regular if, for any X 2 P, jXj 2 implies that G ? X is disconnected (or, equivalently, that X is a cut vertex of G=P). Note that by the de nition if a regular partition P is non-trivial, then G=P has a cut vertex.
Given a conservative graph (G; w), let r (G; w) denote the set of all regular terminal partitions of (G; w).
By Remark 1 a rigid conservative graph admits a regular terminal partition (the trivial one) only if it is prime. Thus, the following holds.
Remark 2. If a conservative graph (G; w) is rigid and non-prime, then no terminal partition of (G; w) is regular. Theorem 2 Every non-rigid conservative graph admits a regular terminal partition.
Lemma 5 Let (G; w) be a 2-connected non-rigid conservative graph. Then G has a cut set X V (G) such that (G=X; w) is a conservative graph. Proof. Let (G; w) be a counterexample to the statement with the minimum number of vertices. Note that jV (G)j 4. By Lemma 3 the negative edges form a matching in G. Since (G; w) is non-rigid, the subgraph of G induced by T(w) is not bicritical. By Lemma 4 (a), it follows that hfv 1 ; v 2 gi 2 (G; w) for some distinct v 1 and v 2 2 V (G). Let H = G=fv 1 ; v 2 g. Since G is a counterexample, G ? fv 1 ; v 2 g is connected and consequently, H is 2-connected. Moreover, H has two negative edges incident with the vertex fv 1 ; v 2 g. By Lemma 3 G has a set X fv 1 ; v 2 g such that hXi 2 (G; w), and G ? X is disconnected; a contradiction. 2 Proof of Theorem 2. Let (G; w) be a non-rigid conservative graph. Let P 2 (G; w) be a regular partition which is not a re nement of any other regular partition. By Theorem 1 it su ces to show that (G=P; w) is prime. Assume not. Let H = G=P and let B be a non-prime block of H. Let w 0 be the restriction of w on E(B). Claim 1. (B; w 0 ) is rigid. Assume not. Let X V (B) be a set guaranteed by Lemma 5. Then R = hXi P is a regular partition of (G; w) and, moreover, P R, contradicting the choice of P.
Claim 2. H has a cut vertex. Otherwise P is trivial, G = H = B, and by Claim 1, (G; w) is rigid, contradicting the assumptions of the theorem. Now let x 1 be a cut vertex of H lying in B. Since B is rigid and non-prime, B has a vertex x 2 not covered by E ? (w 0 ). By Lemma 4 (b) w (x 1 ; x 2 ) 0. Set X = fx 1 ; x 2 g and R = hXi P. The partition R is regular and P R, a contradiction. 2 
Seymour graphs
Let G be a graph and let T V (G) be a vertex subset of even cardinality. Given a set X V (G), the cut (X) is called a T-cut if jX \ Tj is odd. Let (G; T) and (G; T) denote respectively the maximum number of edge disjoint T-cuts and the cardinality of a minimum T-join in G.
Since each T-join has at least one edge in common with each T-cut, (G; T) (G; T). The example G = K 4 , T = V (G) shows that this inequality can be strict.
Nevertheless, it is known that several families of connected graphs (bipartite graphs (Seymour 10] ), series-parallel graphs (Seymour 11]), graphs containing neither an odd K 4 nor an odd prism (Gerards 3 
]). satisfy (G; T) = (G; T) for any even T V (G). A graph G is called a Seymour graph if (G; T) = (G; T) for all even subsets T V (G).
Given a conservative graph (G; w), a circuit C of G is called a w-zero circuit if the total weight of the edges of C is equal to zero.
In 1] it is proved that a graph G is not a Seymour graph if and only if there exist a conservative weighting w and w-zero circuits C 1 , C 2 such that the graph C 1 C 2 is either an odd K 4 or an odd prism. Since the problem of deciding if a weighting is conservative is polynomially solvable ( 8] , p. 241), this implies that the class of Seymour graphs belongs to co-NP. Our goal in this section is to present a short proof of a weaker version of this theorem (in fact, it is equivalent to the original one, see 1]) also providing a co-NP characterization of Seymour graphs.
Theorem 3 A graph G is not a Seymour graph if and only if there exist a conservative weighting w and w-zero circuits C 1 and C 2 such that C 1 C 2 is non-bipartite and has the maximum degree 3.
The "if" part of this theorem is due to Seb} o; a simple proof (even under weaker assumptions) can be found in 1].
In the proof of the "only if" part as in 1] we will make use of a theorem of Lemma 6 (Lov asz) Let G be a 1-extendable non-bipartite graph. Then G contains an even subdivision of either K 4 or triangular prism. 2 We say that a partition P is tree-like if G=P has no circuits of length more than two. Note that if P 2 (G; w) is tree-like then E ? (w) induces a spanning tree of G=P. Moreover, it is clear that if (G; w) contains a tree-like partition then so does (G; w).
We will use as an intermediate step the following well-known observation: if a conservative graph (G; w) admits a tree-like terminal partition then (G; T(w)) = (G; T(w)). Thus it remains to prove Lemma 7 Let G be a connected graph. Then (a) G admits a conservative weighting w 0 such that (G; w 0 ) contains no tree-like partition implies (b) G admits a conservative weighting w 00 with w 00 -zero circuits C 1 and C 2 such that C 1 C 2 is non-bipartite and has the maximum degree 3.
Proof. Assume that the implication does not hold and G is a counterexample with the smallest number of vertices. Let w be a conservative weighting of G such that (G; w) contains no tree-like partition. It follows that G has at least two negative edges, i. e. jE ? (w)j 2. Furthermore, by minimality, G is 2-connected. Claim 1. (G; w) is non-rigid.
Otherwise the subgraph of G induced by T(w) is bicritical (and, consequently, 1-extendable) and non-bipartite. Applying Lemma 6 we obtain that G contains an even subdivision of K 4 or triangular prism. It follows that G satis es (b), contradicting the choice of (G; w). By Claim 1 and Theorem 2, the set of regular terminal partitions r (G; w) is nonempty. Since (G; w) is non-rigid, G=P has a cut vertex for any P 2 r (G; w). Now among all partitions in r (G; w) choose a partition P with the minimum number of vertices in the smallest leaf block B of G=P. Let Observe rst that jE ? (w 0 )j 2, for otherwise by the choice of B and P, jZj = 1 and P must be tree-like, contradicting the choice of w. Assume that the claim is false. Then, because of jE ? (w 0 )j 2 and by Remark 1, (G 3 ; w 0 ) is non-rigid. Therefore, (G 3 ; w 0 ) admits a tree-like regular terminal partition fX 1 ; : : : ; X m g. Hence again, by the choice of P and B, jZj = 1. And then fX 1 ; : : : ; X m ; Y; Zg is a tree-like partition of (G; w), contradicting the choice of w. 
As in Case 1, w is a conservative weighting of G and (H S) = 3. By construction, C k L k is a w -zero circuit for each k = 1; 2. SinceH is non-bipartite, H S is non-bipartite too. 2 
Joins consisting of k components
Let J be a join of a graph G. We say that J consists of k components J 1 ; : : : ; J k if the subgraph of G spanned by J consists of k components H 1 ; : : : ; H k and J l = J \ E(H l ), l = 1; : : : ; k.
Let G be a connected graph and T V (G) be even. Let J be a minimum T-join of G. Note that (G; T) is uniquely determined by the pair (G; J), or by the conservative graph (G; w) with w = w J . By Guan's lemma, given a join J or a conservative weighting w in a graph G, there will be no confusion to write (G; J) or (G; w) instead of (G; T).
We rst present a short proof of the following theorem due to Korach Proof. Consider the conservative graph (G; w) with w = w J . Since J consists of two components and jJj 3, at least two edges in J are adjacent. Therefore (G; w) is non-rigid and by Theorem 2, r (G; w) is nonempty. Let P 2 r (G; w).
Then G=P has at least two blocks and, since J consists of two components, at most one of these blocks has more than two vertices. Therefore there is a leaf block of G=P consisting of two vertices X 1 and X 2 connected by exactly one negative edge e. Since P is regular, one of them, say X 2 , is a cut vertex of G=P while X 1 consists of one vertex v incident with exactly one edge e in J. Since N G (v) X 2 , J is a join of G=N G (v). 2
We now present a short proof of a characterization of attainable joins consisting of two components due to Korach 4] (for a di erent proof see also 2] ). This theorem can be considered as a re nement of Theorem 3 in the special case of conservative weightings whose set of negative edges consists of two components.
Let (G; w) be a conservative graph in which G is a subdivision of K 4 . Following By Lemma 8 G has a vertex v incident with exactly one edge e in J and such that J is a join of G=N G (v). Set X = N G (v). We may assume that e 2 J 1 . Then jJ 1 j 2. Set J 0 = J n feg. Set 1 . We may assume that u i+1 is the second endpoint of the path L i , i = 1; 2. Set C i = L i P i , where P i is the 2-path on vertices (u 1 ; v; u i+1 ), i = 1; 2. By construction C 1 and C 2 are w J -zero circuits, and their union H = C 1 C 2 satis es properties (1){(3).
Case 2: l = 2. As in the previous case u 2 is not covered by J. Denote by P the 2-path u 1 u 2 v. It is easy to see that L 1 and L 2 are either both paths with the endpoints u 1 and u 2 or one of them, say, L 1 is a circuit whereas the other is a path. Set C i = L i P, i = 1; 2 if the former case holds, and C 1 = L 1 and C 2 = L 2 P otherwise. Again, by construction, C 1 and C 2 are w J -zero circuits and H = C 1 C 2 satis es properties (1){(3). 2 Remark 3. It follows from the proof above that if G is a graph and J is a nonattainable join of G consisting of two components, then G contains a bad-K 4 graph H such that E(H) \ J also consists of two components.
Connected partitions
In this section we show that the set of terminal partitions of any conservative graph always contains a partition satisfying special connectivity properties. This result 6] was a starting point of the present research. The proof in 6] is long and sophisticated. Here we present a short proof based on ideas developed in Section 2. Several applications of this theorem can be found in 6] and 7].
Let (G; w) be a conservative graph. We call a partition P 2 (G; w) connected if (1) for any two distinct classes X and Y ofP, the set X is contained in a component of G ? Y ; (2) for any X 2 P and any component C of G ?X, the graph G ?C is connected.
If P is a partition of V (G) and Q is a partition of V (G=P) = P, then Q P will denote the partition R = fZ V (G) : Z = S X2Y X; Y 2 Qg. Theorem 6 ( 6]) For any conservative graph (G; w), there exists a connected partition P such that (G=P; w) is prime. By Theorem 1 the partition P is terminal. Lemma 9 Let (G; w) be a conservative graph. If P is a connected partition of (G; w) and Q is a connected partition of (G=P; w), then R = Q P is a connected partition of G.
Proof. We have to check properties (1) and (2) Lemma 10 Let (G; w) be a non-prime 2-connected conservative graph. There exists a set X V (G) such that jXj 2, (G=X; w) is conservative, and for any component C of G ? X and any x 2 X, the graph G ? C is connected and N G (x) \ V (C) 6 = ;. Proof. We may assume that w (v 1 ; v 2 ) < 0 if v 1 v 2 2 E(G), v 1 6 = v 2 , for otherwise we are done with X = fv 1 ; v 2 g. By Lemma 4 it follows that (G; w) is non-rigid. Hence, by Lemma 5, there exists a set Y V (G) such that (G=Y; w) is conservative, and G ? Y is disconnected. Let X be an inclusion-wise minimal set among all sets of this kind. Since G is 2-connected and G ? X has at least two components, the conclusion follows. 2 Proof of Theorem 6. Let (G; w) be a conservative graph. Since the partition consisting of singletons is connected, the set of connected partitions of (G; w) is nonempty. Let P be a connected partition of (G; w) which is not a re nement of any other connected partition. We show that H = G=P is prime. Assume not. Let B be a non-prime block of H and let X 2 V (B) be a set guaranteed by Lemma 10. As B is 2-connected, the partition Q consisting of X and the singletons is a connected partition of (H; w). Then by Lemma 9 P is a re nement of the connected partition Q P, a contradiction. 2
A slight modi cation of the above argument yields a strengthening of Theorem 6 in the case of planar graphs.
Theorem 7 For any planar conservative graph (G; w), there exists a connected partition P such that (G=P; w) is prime and planar. Proof. Let (G; w) be a planar conservative graph. Let P be a connected partition of (G; w) with G=P planar, which is not a re nement of any other connected partition with this property. Assume that H = G=P is non-prime. Let B be a non-prime block of H and let X 2 V (B) be a set guaranteed by Lemma 10. Denote by r the number of components of H ? X. Since a planar graph cannot contain K 3;3 -minor, from the properties of X stated in Lemma 10 we obtain that only the following three cases are possible: r = 1; r = 2 and jXj 2; r 3 and jXj = 2. Since H X] is connected if r = 1, all these cases imply that H=X is planar. Consider the partition R = hXi P. By construction and in view of Lemma 10, R is connected, P R, and G=R is planar; a contradiction. 2 Remark 4. By Theorems 2 and 6, each non-rigid conservative graph has a regular terminal partition and a connected terminal partition. It is worth noting that there are non-rigid conservative graphs having no terminal partition which is simultaneously regular and connected. As an example consider the conservative graph (G; w), where G is a 3-path (x; y; z; u) and E ? (w) = fyz; zug. It has exactly two terminal partitions: ffx; zg; fyg; fugg and ffx; yg; fzg; fugg. The rst partition is regular but not connected; the second one is connected but not regular. By contrast, conservative graphs (G; w) satisfying w (v 1 ; v 2 ) < 0 for each v 1 v 2 2 E(G), v 1 6 = v 2 , possess a remarkable property: it can be shown that every terminal partition of (G; w) is regular and connected.
7 Appendix: a direct proof of Lemma 1 In this section we give a direct short proof of Lemma 1. Though the proof does not refer to the fundamental theorem of Seb} o, it exploits key points of Seb} o's proof including the following observation.
Lemma 11 (\Switching Lemma" 9]) Let (G; w) be a conservative graph. Let C be a w-zero circuit of G. Let w 0 be the 1 edge weighting with E ? (w 0 ) = E ? (w) E(C). Then w 0 is conservative and, moreover, the distance functions w 0 and w coincide.
Proof. The conservativeness of w 0 follows from Guan's lemma. By symmetry it su ces to show that w 0 w . Let P be an x; y path in G. Set F = E(P) E(C).
Since w 0 (E(C) n E(P)) = w(E(C) \ E(P)), w 0 (F ) = w(E(P) n E(C)) + w(E(P) \ E(C)) = w(E(P)): Note that F is a fx; yg-join of G. Hence the subgraph spanned by F contains an x; y path Q. Since F n E(Q) spans disjoint circuits in G and w 0 is conservative, w 0 (E(Q)) w(E(P)), as desired. 2 Lemma 12 Let (G; w) be a 2-connected bipartite conservative graph. Let x 2 V (G) be incident with at least two negative edges. Then there exists another vertex z such that w (x; z) 0 and z lies in the same color class as x. Otherwise, for some y 0 2 N G (y), w (x; y 0 ) would be less than w (x; y), contradicting the choice of y.
Let U = N G (y). Note that jUj 2. We claim that w is a conservative weighting of G=U. Assume to the contrary that G=U has a circuit e L of negative weight. Then the edges of e L span a y 0 , y 00 path L in G with y 0 ; y 00 2 N G (y) and yy 0 ; yy 00 6 2 E ? (w). Note that the weight of L cannot be less than ?2. In fact, since y 0 and y 00 lie in the same color class of G, it is equal to ?2. It follows that C := (y; y 0 ; L; y 00 ; y) is a w-zero circuit of G. Consider the conservative weighting w 0 with E ? w 0 = E ? (w) E(C). By construction y is incident with three edges in E ? (w 0 ). But, by Lemma 11, y must satisfy property ( ) with respect to the weight w 0 , a contradiction.
Note that G=U is bipartite. We may assume that x 6 2 U, for otherwise we are done taking z to be any vertex in U n fxg. Consider the block B of G=U that contains x. Note that B and the restriction of w to E(B) satisfy the assumptions of the lemma. Hence, by the induction hypothesis, B has a vertex z 0 lying at nonnegative w-distance from x. Now if z 0 6 = fUg we take z = z 0 , otherwise we let z be an arbitrary vertex of U. 2 Proof of Lemma 1. Consider the graph H obtained from G by replacing each edge e = uv with a path (u; z e ; v) of length 2. Furthermore, for any e 2 E(G), set w 0 (uz e ) = w 0 (vz e ) = w(e). Now (H; w 0 ) is a 2-connected bipartite conservative graph containing the vertex x incident with at least two w 0 -negative edges. By
Lemma 12 H has another vertex z lying in the same color class as x and such that w 0 (x; z) 0. By construction it follows that z 2 V (G) and w (x; z) = w 0 (x; z)=2 0, as desired. 2 
